Controlled Teleportation of an Arbitrary Multi-Qudit State in a General Form with 
d-Dimensional Greenberger-Horne-Zeilinger States* 
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A general scheme for controlled teleportation of an arbitrary multi-qudit state with d- dimensional 
Greenberger-Horne-Zeilinger (GHZ) states is proposed. For an arbitrary m-qudit state, the sender 
Alice performs m generalized Bell-state projective measurements on her 2m qudits and the con- 
trollers need only take some single-particle measurements. The receiver Charlie can reconstruct the 
unknown m-qudit state by performing some single-qudit unitary operations on her particles if she 
cooperates with all the controllers. As the quantum channel is a sequence of maximally entangled 
GHZ states, the intrinsic efficiency for qudits in this scheme approaches 100% in principle. 
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Since Bennett et al. [I] presented the first protocol 
in 1993, quantum teleportation, one of the most amaz- 
ing features of quantum mechanics, has been studied by 
many groups @, i 1, i, i, 0, S S M ■ The quantum 
teleportation process allows the two remote parties tele- 
port an unknown quantum state, utilizing the nonlocal 
correlation of the quantum channel by means of multipar- 
ticle joint measurement. The first controlled teleporta- 
tion protocol was presented in 1999 by using three-qubit 
Greenberger-Horne-Zeilinger (GHZ) state to teleport a 
single-qubit state [11]. In fact .the basic idea of a con- 
trolled teleportation scheme [1,0; 111 is to let an unknown 
quantum state be regenerated by a receiver with the help 
of controllers on a network. This is similar to another 
branch of quantum communication, called quantum state 
sharing (QSTS) [H HI GJ, M, E3, H d , whose task is 
to let several receivers share an unknown quantum state 
with collaborations. Essentially one receiver reconstructs 
the original state with the helpof others. In general, al- 
most all those QSTS schemes [H GJ, GJ, [lj] can be used 
for controlled teleportation with or without a little mod- 
ification. 

Recently, the controlled teleportation for a single-qubit 
or m-qubit state has been studied. In 2004, Li et al. 
[l|| proposed a scheme to share an unknown single-qubit 
state with a multi-particle joint measurement. Yang et 
al. @ presented a multiparty controlled teleportation 
protocol to teleport multi-qubit quantum information. 
Deng et al. [3] introduced a symmetric multiparty con- 
trolled teleportation scheme for an arbitrary two-particle 
entanglement state. Moreover, they presented another 
scheme for sharing an arbitrary two-particle state with 



Einstein-Podolsky-Rosen (EPR) pairs and GHZ state 
measurements [13[ or Bell-state measurements (l5j |. Also, 
Zhang, Jin and Zhang [l6j] presented a scheme for shar- 
ing an arbitrary two-particle state based on entanglement 
swapping. Zhang et al. [l~7| proposed a multiparty QSTS 
scheme for sharing an unknown single-qubit state with 
photon pairs and a controlled teleportation scheme us- 
ing quantum secret sharing of classical message for tele- 
porting arbitrary m-qubit quantum information [8|]. We 
proposed an efficient symmetric multiparty QSTS pro- 
tocol for sharing an arbitrary m-qubit state |14j. More 
recently, Zhan et al. [9j proposed a scheme to teleport a 
multi-qudit cat-like state, and Zhang et al.fl^ proposed 
a QSTS protocol for sharing an unknown single-particle 
qutrit state (the state of a three-level quantum system). 

In this Letter, we give a general scheme for con- 
trolled teleportation of an arbitrary m-qudit state with 
rf-dimensional GHZ states via the control of n controllers, 
following some ideas in Ref. d4|. Except for the sender 
Alice, each of the controllers needs only to take m single- 
particle measurements on his particles, and the receiver 
can reconstruct the unknown m-qudit state with m uni- 
tary operations if she cooperates with all the controllers. 
This scheme for controlled teleportation of m-qudit state 
is optimal as its intrinsic efficiency for qudits r\ q = — 
approaches 100% in principle. Here q u is the number 
of the useful qubits and qt is the number of the qubits 
transmitted. 

For a d-dimensional Hilbert space, its basis along z- 
direction Zd, which has d eigenvectors, can be written 
as 
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The d eigenvectors of another unbiased measuring basis 
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(MB) X d can be described as [20, \2M 
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where u = 0, 1, . . . , d — 1, i.e., 
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The two vectors and |Z)aj coming from two MBs satisfy 
the relation |(fc|Z)J 2 = k. The generalized d-dimensional 
Bell states are H 
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where u,v = 0, 1, ...,d— 1. The d-dimensional unitary 
operation 



=$> 2 3 i "'|Z© l ;)(Z| 



(5) 



can transform the generalized d-dimensional Bell state 
(GBS) 
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into the GBS \ipuv)> i- e -, 
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Now, let us describe the process of our controlled tele- 
portation in detail. An unknown arbitrary m-qudit state 
teleported can be written as 



d-l 



/ xi ,X2,...,a: n 



^ a XuX2i ,„ >Xm \xi,X2, ...,x m ).(8) 
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The complex coefficients a XuX2! ... )Xm (xk = 0, 1, ...,d— 1) 
are unknown and satisfy the normalized relation 
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For teleporting the unknown m-qudit state \4>}x 1 ,x 2 ,...,x m , 
the sender Alice, the receiver Charlie and the n con- 
trollers (called Bobj, j = 1, 2, n) should share securely 



FIG. 1: Schematic demonstration of controlled teleportation 
of an arbitrary m-qudit state by using m (n + 2)-particle GHZ 
states as the quantum channel. 



to (n + 2)-particle (i-dimensional GHZ states in advance, 
see Fig.l. The fc-th (k = 1,2, ...,m) GHZ state is 
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For each GHZ state \&GHz)k, the particles pko (Pk,n+i) 
are held in the hands of Alice (Charlie) , and the particles 
Pkj are controlled by the controller Bobj(j = 1,2, ...,n). 
The composite state of the quantum system composed of 
the particles in an unknown state \<p) Xl ,x 2 ,...,x m and those 
in all the GHZ states is 
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The sender Alice hrst performs to generalized Bell- 
state measurements (GBSM) on the particles and p^o 
(k = 1,2,..., to). Suppose the results of the m GSBM 
are \^a kl a k2 ) {k = l,2,...,m), and then the state of the 
quantum system composed of the particles controlled by 
Bobj (j — 1,2, ... ,n) and Charlie becomes (without be- 
ing normalized) 
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When Charlie wants to reconstruct the original state, he 
asks Bobj to measure the particles Pkj{k = 0,1,. ..to) 
with the Xd basis independently. If the result of the 
measurement on the particle pkj is \f3kj)x, the retained 
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subsystem composed of the particles controlled by Char- 
lie is in the state 
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Charlie can perform a unitary operation U Pkqk on each 
of her particle Pk,n+i if he wants to regenerate the un- 
known state \<p) Xl ,x 2 ,...,x m - The operations U Pkqk can be 
chosen according to the information about the results of 
the measurements done by the sender Alice and the con- 
trollers Bobs, i.e., 



Pk = otki + y^/3fcj, 

3=1 

q k = d- a k2 . 
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After m unitary operations, the state of the m particles 
in Charlie's hands is transformed into 
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A is a whole phase and it does not affect the feature of 
the state. In this way, the receiver Charlie obtains the 
original state \4>) Xl ,x 2 ,...,x m - As the quantum channel is 
a sequence of maximally entangled GHZ states, all of 



the qudits transmitted are useful in principle, and the 
intrinsic efficiency for qudits r\ q in this scheme approaches 
100%. 

To prevent some controllers from stealing the infor- 
mation about the unknown state \4>)xi,x 2 ,...,x m in this 
scheme, the parties can exploit the way in Ref. @, H3, 
HH, [H, Hil [27j to set up the quantum channel securely. 
That is, Alice prepares some decoy photons who are ran- 
domly in the states {|0), |1), • • • , \d-l), \0) x , \1} X , ■■■,\d- 
l) x }, and inserts them into the particle sequences Sj — 
\poj,Pij, ■ ■ ■ ,Pmj] (j = 1, 2, • • • , n + 1) which are sent to 
Bobj (j < n) and Charlie (j = n+ 1), respectively. Af- 
ter confirming the receipt of the sequences, Alice picks 
up the decoy photons to check the eavesdropping in the 
quantum line, similar to Ref. [H, [5^, [3(|. In detail, Al- 
ice tells the controllers Bobj and Charlie to measure their 
decoy photons with the MB Zd or the MB X<j, the same 
as those chosen by Alice for preparing them. Thus the 
process for setting up the quantum channel can be made 
to be secure. 

In summary, we have presented a general scheme for 
multiparty controlled teleportation of an arbitrary multi- 
qudit state. The quantum channel used is a sequence of 
e?-dimensional GHZ states. For teleporting an arbitrary 
m-qudit state, the sender Alice should perform m gener- 
alized Bell-state measurements, and each controller needs 
to perform m single-qudit measurements using the Xd 
basis. According to the results of the measurements pub- 
lished by Alice and Bobs, the receiver Charlie can choose 
m suitable single-qudit unitary operations to reconstruct 
the original state. As almost all the GHZ states can 
be used to teleport the unknown state in principle, the 
intrinsic efficiency for qudits in this scheme approaches 
100%. 
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